GAUSSIAN CURVATURE AT THE HYPERELLIPTIC 
WEIERSTRASS POINTS. 

ABEL CASTORENA 

Abstract. Let C be a compact Riemann surface of genus g > 0. The principal 
polarization of the Jacobian J(C) of C induces a metric on C of non-positive 
curvature, called the Theta metric. Let K be the Gaussian curvature of the Thcta 
metric. We show that the hyperelliptic Weierstrass points are non-degenerated 
critical points of K of Morse index +2. We give an example in genus two where we 
show that the curvature K is a Morse function. 

0.- Introduction and statement of results 

Let C be a compact Riemann surface of genus g > 0. Consider the first homol- 
ogy group H\ (C, Z) ~ J? 9 and the complex ^-dimensional vector space of holo- 
morphic differentials H°(C,£l) and let H°(C, Sl) v be the dual space. The map 
j : Hi(C, Z) — » H°(C, £!) v , j(t) = / i s injective and the image generates a lat- 
tice in H°(C,n) v . The Jacobian of C, J(C) := H°(C, Q) y /H^C, Z) is a com- 
plex torus of dimension g. Take basis {Ai, . . . , X g , /3t, . . . , {3 g } of H\(C, Z) and 
{cl>i, . . . , uj g } of H°(C, f2), the 2g x g period matrix of C with respect to this choice 
is (Ai^'/ft Uj),h3 = 1, 

Fixing a point po € C, we have in coordinates the Abel-Jacobi map /j, Po : C — > 
J(C), /i Po (p) = (/ ^ wi, . . . , JJ o Abel's theorem says that the Abel-Jacobi map 
is an embedding. The principal polarization of J(C) is determined by the inter- 
section form Q on Hi(C,Z). When the basis of homology is symplectic, that 
is, Q(Xi,Xj) = = Q(j3i,f3j), Q(\i,/3j) = S i3 , i,j = 1, there exists a 
unique basis {u>i, . . . ,uj g } of H° (C, 51) (called normalized basis) such that the pe- 
riod matrix of C is given by (/, Z) where / is the g x g identity matrix. From 
the Riemann bilinear relationsQl], p. 231-232) we have that Z is symmetric and 
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that the hermitian form (, ) on H°(C,fl) defined by (rj,8) = i J„ r\ A 9 satisfies 
^(u>i,u>j) = Im jp ujj > 0, that is, Im Z is positive definite. Let (a^) = (Im Z)^ 1 
be. In complex coordinates (zi,...,z g ) on C 9 the Kahlcr form invariant un- 
der translations uio ■— J2i j=i a ijdzi A dlj represents the principal polarization 
[u>o] € H 2 (J(C),Z) of J(C), that is, [uio] is the first Chern class of the line bundle 
defined by the Theta divisor of J(C)([1], p. 333). The restriction of uj to C give 
us a metric of non-positive curvature. We call this metric the Theta metric (other 
authors call this metric the Bergmann metric). 

Let p e C and z : U C C — > C an holomorphic local coordinate around p. Let 
fi : U — > C be a local expression of in the coordinate z, where {lo\, u g } is a 
basis of -ff°(C, fi) as above. We denote fi(z) := fi o z -1 : z(U) — ► C and f(z) = 
(/i(z), . . . , fg(zj). In this coordinate the Theta metric is given by p 2 (z)dz A dz, 
where p 2 (z) :=< f(z),f(z) >= f(z) • (ImZ)- 1 ■ f(i)* - ( £ a tJ f^J^z)) is 

the conformality factor of the metric. The Gaussian curvature if is computed by 
the formula K = ^dd(log (p 2 )) ([1], p. 77). Since -§- z p 2 {z) =< f'(z),f(z) > 
, -§=p 2 {z) =< f(z), f'(z) >, where f'(z) - (/((*), . . . , /£(*)), by the formula of the 
curvature we obtain: 

K(z) = pW) {< f(z) ' f(z) ><C f ' (z) ' f ' (z) > H < f '^' f ^ > I 2 )- W 

By Schwartz inequality we have that if(p) = if and only if f(z) and f (z) are 
linearly dependent. This happen if and only if the differential d<j) of the canonical 
map 4> : C -» P(#°(C, fi)*) = P 9 ~\ <^>(z) = [/i(z) : • • • : / s (z)] is zero in p. But 
d<fr(p) = if and only if C is hyperelliptic and p is one of the 2g + 2 Weierstrass 
points. So in the hyperelliptic case the hyperelliptic Weierstrass points are global 
maxima of -K\(See also [3]). 

In this paper we prove: 

Theorem. Let C be a hyperelliptic Ricmann surface of genus g > 0. The Weier- 
strass points of C are non-degenerated critical points of Morse index +2 of the 
Gaussian curvature function K of the Theta metric. 

In section two we show in lemma 2.1 and lemma 2.2 a criteria to find local minima 
for K. We give an example in genus two where we compute all critical points of 
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the Curvature function K and we apply the theorem and lemmas 2.1, 2.2 to show 
that in this example K is a Morse function. 
1. The Hessian of the Curvature function at the Weierstrass points. 

Remark 1. Let C be a compact Riemann surface and J(C) the Jacobian of 
C. Let po,pi G C, po ^ pi two points of C. Consider the Abel-Jacobi maps, 
/i Po : C — > J{C), : C — > J(C). Since J(C) has structure of abelian group, for 
each y € J(C) we have the translation r y : J(C) — > J(C), Tj,(x) = a; + y. For 
H Pl (po) € ^(C) consider the translation T Mpi ( Po ). We have a commutative diagram: 

C ► J(C) 

T M P1 (PO) 

J(C) 

that is, = 7^ pi ( Po ) o ^ po . Since wo is invariant under translations we have that 
fi^coo = Pp a T* p ( Po )^o = Pp ( ^o- Thus wc have that Theta metric doesn't depend 
of the base in the Abel-Jacobi map. 

The following lemma is useful to find critical points for K. 

Lemma 1.1.- Let C be a compact Riemann surface of genus g and let / : C — > C 
be an automorphism such that / 7^ identity. If p G C is a fixed point of /, then p 
is a critical point of the curvature function K of the Theta metric. 

Proof. Let / : C — > C be an automorphism, / ^ identity. Let /*, /* be the induced 
isomorphisms in i?i(C,Z) and H°(C,Q) respectively Let (/*) v : H a (C,n) v -> 
H°(C, il) v the dual map of /*, where H°(C, f2) v is the dual vector space to 
H°(C, 0). The following diagram commutes: 

Hi(C,Z) — ^ ffi(C,Z) 

where j is given by integration. This diagram induces an automorphism (f> in the 
quotient J(C) = H°(C, fi) v /i?i(C, Z) such that the following diagram commutes 
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C — ! —+ c 

Mpj M/(p)| (2) 

J(C) — ► J(C) 
For ij e iJ"°(C, 0), = J*^fj, then for 6»i, 2 e if°(C, 0) we have: 



(f*0 1 ,re 2 )= J f*6 1 Af*6 2 = J (0iA0 2 ) = y(0 1 A0 2 ) = (0i,02) (3) 

C /.(C) c 

Then /* is a isometry on H (C, Q). Consider the dual hcrmitian inner product of 
the Theta metric, (•, -)i, defined on H°(C, fi) v . Let D((f>) be the derivate of <j>. The 
dual map of D((j)) is the dual map of /*, hence D((f>) is an isometry with respect to 
(■,■)].■ Hence we deduce that <fi leaves invariant the principal polarization loq. From 
(3) we have 



MpO,-)i = M p ((^)*(t)i) = /Vf(p)((->0i) = />(p)(->-)i- 
Then / is an isometry with respect to the Theta metric. Hence / leaves invariant 
the curvature function K of the Theta metric, that is, K(x) — K(f(x)) for all 
x e C. By the chain rule K'(x) — K'(f(x))f'(x). If p is a fixed point of / then 
K'(p) = K'(p)f'(p). But f'(p) ^ 1 (apply Schwartz lemma to the lifting of / to 
universal covering spaces) and hence p is a critical point of K. ■ 

Example 1.- We recall that a hypcrclliptic Ricmann surface C of genus g > 0, is 
the compactification of the complex affine plane curve 



Co := {(x, y) G CV - f(x), f(x) = (x - • • • (x - a 2g+2 )} (*) 

where a\,. .. ,a 2g+2 € C and 7^ aj,Vi 7^ j. The fixed points of the involution 
1 : C — > C, y) = (x, — y) are the 2g + 2 hyperclliptic Weierstrass points of C. 
So we obtain again that the Weierstrass hyperelliptic points are critical points of K. 
Note that the quotient C/ < l> induces a double covering it : C — > CP 1 , n(x,y) = 
x ramified at the Weierstrass points. ■ 

Example 2.- Let C be the hyperelliptic Riemann surface given by the equa- 
tion y 2 — z 29+2 — 1, and tt : C — > P 1 ,n(z,y) = z the ramified double cover on 
P 1 . Consider the automorphism h : C — > C, h(z,y) — (e 2 s+ 2 z,y). Note that 
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(0,i), (0, — i) are fixed points of h, so they are critical points of K. Consider the 
automorphism / : C — > C, /(z, y) = (|, ^rr) which leaves invariant the curvature 
if of the Theta metric on C. f descends to CP 1 and induces the automorphism 
T : CP 1 — > CP 1 , T(z) = \. The following diagram commutes 



C — ^— » C 




Since 7r : C — ► P 1 is a double cover ramified at the Weierstrass points, we can 
take an open subset U C CP 1 not containing the roots of z 2g+2 — 1 = such that 
7r _1 ([/) = U\ U U2 is a disjoint union where Ui, U2 are open subsets of C and for 
j = 1,2, n\u : Uj — > {/ is a local biholomorphism. We have that the open set 
V := T(U) does not contain the roots of z 2 a+ 2 -1 = 0, also 7r _1 (V) = Vi U V 2 is 
a disjoint union and Ti\y : Vj — > V is local biholomorphism. Since : Z7i — ► {/ 
and 7r|vi : Vi — ► V are local biholomorphism, we can restrict the Theta metric to 
the open set C/i , so we have that T\u — 7r|vi 0/0 7]"^ : U — > V is an isometry 
with respect to the Theta metric on P 1 . Since / leaves invariant the curvature 
K, then T leaves invariant the curvature K on P , that is, K descends to P 1 and 
K{z) = K{-). Thus we obtain that the points lying over G P 1 and 00 e P 1 arc 
critical points of K. ■ 

Now consider a hyperelliptic Riemann surface defined as in (+) in example 1. The 
Weierstrass point are the points p k — (afc,0), for 1 < k < 2g + 2. Note that 
/'(flfe) 0, by implicit function theorem there exist a small neighbourhood U 
of pk, such that y is a local coordinate. Let gk(x) — IlilTi^fcC 2 - — a «) be, and 
z : Co — > C, z(x,y) = -. v , in a neighbourhood of With this notation we 
have the following lemma: 

Lemma 1.2.- z is a local coordinate in p k — (a/s,0). In this coordinate the lo- 
cal expression of (x — cik)^ 1 ^- is a{z)z 2 ^~ v> dz for j = l,...,g, where a(z) is 
holomorphic and a(pk) ^ 0. 

Proof. Since = Ag^ ^ in a neighbourhood of p k , gk(ak) 7^ and y(cik) = 
then we have that dz( Pk ) = (^M^W^M)^) = {-M=){p k ) £ 0, then 
there exists an open neighbourhood V of p k where z is local coordinate. Note that 
^ = then for j = 1, . . . , g we have 
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(x-a k y ]dx _ 2(x-a k y dy _ 2(j-l) 1 2dy 



V 



where a(z) = -pj^y is a holomorphic function suh that a(pk) ^= 0. ■ 

Using translations we have that for y e J{C) we can identify the tangent space 
T y {J(C)) with the tangent space at the origin e J(C), T (J(C)) ~ C g . We use 
the coordinate (z, V) of lemma 1.2 and we fix g e V. Consider the Abel-Jacobi map 
giving locally by 

H : V C C J(C) , M (z) - ( f a(z), f a(z)z 2 , . . . , f a(z)z 2 ^ 1 )). 

J q J q J q 

The derivate of /x(z) is /Li'(z) = a(z)F(z), where F(z) = (1, z 2 , z 4 , . . . , z 2 ^" 1 )). Let 
<, > any hermitian inner product on T (J(C)) ~ C 9 represented by an gxg hermit- 
ian symmetric matrix (hij) positive definite. In the coordinate (z, V) the pullback 
(fi q )*(<,>) is a Kahlcr metric on C given by p 2 (z)dz A dz, p 2 {z) = \a{z)\ 2 (3(z) 
where f3(z) =< F(z),F(z) >. Let G(z) = (3{z)¥^ - ■ ^f- be. Since a(z) 
• ;-;5ilog(a(z)a(z)) = 0. We h 

^ir- 



is holomorphic, log(a(z)a(z)) = 0. We have in this case that the curvature 
function on C with respect to this metric is given by K (z) = 



Lemma 1.3. We have the following identities 



BC 

— =< F', F >< F', F' > + < F,F >< F" , F' > — < F' , F' >< F', F > 
dz 

- <F,F' >< F",F> . 

d 2 G 

— =< F", F >< F', F' > + <F',F >< F", F' > + <F',F >< F", F' > 
oz l 

+ <F,F>< F'", F' > — < F", F' >< F', F > - < F' , F' >< F", F > 

- < F', F' >< F", F > - < F,F' >< F'", F > . 

=< F', F >< F', F" > + < F, F' >< F", F' > + < F,F >< F" , F" > 

ozaz 

- < F', F" >< F',F > - < F, F" >< F",F > — < F, F' >< F", F' > . 

Proof. It is clear that we have that =< F'{z),F{z) >, =< F{z), F'{z) >, 

and 

G(z) =< F(z),F(z) >< F'(z),F'(z) >-< F{z),F'{z) >< F'(z),F(z) > . 



Now use the product rule for derivates. ■ 
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Proof of the Theorem. We have 
< F{p k ),F(p k ) >= /in, 

<F"(p k ),F"(p k ) >=Ah 22 , (4) 
<F"(p k ),F( Pk ) >=2h 12 . 

From lemma 1.3 and (4), and the fact that F'{p k ) = F"'{p k ) = (0, . . . , 0) we obtain 
that 



^^(Pk) = 4(ftn/l22 - h 12 h 2 i), -^iPk) = ^j(P*0 = °- ( 5 ) 
We havel also, 



9K = -2 dG {C d -2 

dz p 2 {z) dz dz p 2 (z) 

d 2 K -2 <9 2 G 9G d -2 d 2 -2 

d 2 K -2 9 2 G dG _d -2 , 



(6) 



<9z<9z P 2 (-z) <9z<9z dz dz p 2 (z) 

+ ' dzdz [ p 2 (z)> p 2 (z)'' dz' 
From lemma 1.3 and (4), (5), (6) and the fact that G{p k ) =0we have 



d 2 K 8 2 K d 2 K -$(hnh 22 - h 12 h 21 ) 
-9^^=°=^^ dzdz iPk) = 7(pJ) ' (?) 

note that r := -s^n^-fe^i) < 0. We have the matrix 

p 2 (Pk) 

d 2 K d 2 K 
dz' 2 dzdz 
d 2 K d 2 K 
cfzdz d~z' 2 

have the following identities: 



Or. 

(Pk) = I I • Let z = u + iv be. In real coordinates we 

r 



— --(— -i— — --(— +i — 

dz 2 du dv ' dz 2 du dv 

d 2 _ d 2 d*_ d*_ 
d 2 u 2 ~ dzdz + ^dz 2 + dz 2 '' 
d 2 _ d 2 d 2 

d 2 v 2 ~ dzdz ^dz 2 + dz 2 '' 
d 2 
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Consider the matrix | ™™ | := ( | . From (8) we have 



d 2 K d 2 K 



(Pk) 



d 2 K 




d 2 K 


du' 2 
d 2 K 




dudv 
d 2 K 


dvdu 




dv 2 


■( 





:) 




r 





a b 



l# s l r \ _ / \{a-c-2ib) \{a + c) 



\(a + c) \{a-c + 2ib) 



dzdz dz' 2 

The equations \{a — c — 2ib) = 0, \ {a + c) = r, |(a — c + 2i6) = 0, implies that the 

/ r \ 

real Hessian of if in pk is Hess K(pk) = \ . Hence for 1 < k < 2g + 2, 

V - y 

the Weierstrass point pk = (dfc , 0) is a non-degenerated critical point of if of Morse 
index +2. ■ 

2.- An example in genus two. 

Let C be the hypcrclliptic Riemann surface of genus two defined by the equa- 
tion y 2 = (z — a±) ■ ■ ■ (z — do) with dj 7^ a,j. Take a simplectic homology basis 
{Ai,A 2 ,/?i,/3 2 } in i?i(C,Z). Consider the basis fs ^ of H°(C,n). The period 
matrix with respect to this choice of basis is 

4 f 4 f 4 f 4 f V = ( «ii a- "is "14 
Ja 2 ^ 4^ 4^/ V" 21 <* 22 " 23 " 24 
Since 7 :— ol\\ol22 — ol\iOl<2\ 7^ 0([1], 231-232), we consider a normalized basis of 
differentials given for the change of basis: 

-«2i an 

The period matrix of C with respect this new choice of differentials is (I, Z), where 
Z = Z l and Im Z > 0. Denote by P := ± 

»7= (f,^) be > thcn w = r?-P*. Let 5 := ( | = P* • (Im Z)" 1 • P be. 

The Theta metric on C is giving by p 2 (z)(dz A cfz) = cj • (Im Z)^ 1 ■ uu l = rj ■ B ■ rf — 
jtpjdz A dz, where g(z) = bn + 621Z + &12Z + 622 \z\ 2 . Note that 612 = 621 and 
det B > 0. With this notation we have the following lemma. 

Lemma 2.1.- Let (zo,yo) £ C be such that f(zo) 7^ 0, and f'(zo) = 0. Then 
(zo, Uo) is a critical point of K if and only if Re 612 = 0. 







\ U2 ) 









H 










\ y / 



U22 


-ai 2 


j . Let 




an 




( b n 


612 \ 


= P 4 - 


\ 621 


&22 / 
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Proof. Let (zo,2/o) & C such that f(zo) ^ 0, and f'(zo) = 0. We take a small open 
neighbourhood U ZQ of zo as coordinate of (zo,yo), we have a local biholomorphism 
s : U Zo — > C, s(z) = z — zq. We consider in this coordinate the basis Y'y' 
In this coordinate the conformality factor p 2 (z) of the Theta metric is given by 
where g(z) = bu + b 21 (z - z ) + h 2 (z - z ) + b 22 \z - z \ 2 . Since f{z) is 
holomorphic, ddlog(fj) = 0, so ddlog^) = I^log((^)) = ±03log((^)) = 
0. The curvature function K : U Zo — > R is given by: 

K(z) - -2-1^ • rWloef^ish - ^fl^wsM") . Mi. - -dot a [/(g)] /q-. 
The total differential dK, is dlf(z) = dc|B (-(g 3 ( z ))rf|/^)|+3g 2 |/|d g ( z )) ^ &nd thfi dif _ 
ferential dg is <i<7(z) = 612 + 621 + £"22 — ^o)! 2 )- F° r z = z o, we have that 
dg{z)\( z = zo \ = if and only if b\ 2 + &21 = 2Rc b\ 2 = 0, then 



HK . M , det B (-g3(z )(d\f(z)\ + 3g 2 (z )\f(z )\dg(z)\) 
dK(z)\ (z=Za) = — \ {z=zo) . 



By hyphotesis f'(zo) — 0, then dK(z a ) = if and only if Re 6 12 = 0. Since this 
computation is local, we have that (zo,yo) € C is a critical point of if if and only 
if Re 612 = 0.1 

Note that is easy to see that with the same hyphotesis the lemma 2.1 can be 
generalized for any hyperelliptic Riemann surface of genus g > 0. 

Remark 2. The condition 612 = 621 and b\ 2 + 621 = = Re 612 implies that 
= (612 + 621) 2 = b\ 2 + 2b 12 b 21 + 6| l5 that is, -Ab 12 b 21 = 2{b\ 2 + b 2 2l ). Note 
that ilm b\ 2 = -ilm 621, so b\ 2 + b 2l = ((ilm bi 2 ) 2 + (ilm &21) 2 ) = -((Im bi 2 ) 2 + 
(Im 621) 2 ) = (ilm 612 — ilm b 2 \)(ilm b\ 2 + ilm b 2 i) = 0, that is,— Ab\ 2 b 2 \ = 0, then 
&12 = hi = 0, so det B = bnb 22 > 0. 

Lemma 2.2. With the same hypothesis of lemma 2.1, suppose also that f"(z ) = 0, 
then (z , yo) is a local minima of K of Morse index zero. 

Proof. Let a := be. From equation (9) we have that |f = -a- ^ 3 (z)^-\f(z)\3 g 2 ( z )^] 



and % = -a • il^Wzlf^MMl . Then we have that 
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d^K [3^g 2 W§f + g'jzfS 1 ~ 6|/(*)|g(*)(%) 2 - 3g 2 (z)(|/(z)|§;f + 

5z 2 ^ a 9 W gl2{z) 



^ _ 6 , , [3^g 2 (^il + ff 3 ^)^ - 6|/(z)|g(z)( j) 2 - 3g 2 (z)(|/(z)|gg + ggg)] 



g 12 (z) <9z 5z 

^ = [6ff 5 (.)j-[ g 3 (z)^-|/(,)|3 ff 2 (z)|f] _ 6 [3g 2 (z)^^+g 3 (z)ffi 



_ .^ r l/WI(6^)j ■ ff + 3g 2 (z)j^) - 3 g 2 (z)ff ■ jtf ] 
" 5 (Z)[ gU(z) 

Note that ^ = 2(^) 2 + 2|/||l|I. B y hypthotcsis /(z ) + 0, f(z ) = /"(*b) 
0, then ^h(zo) = and ^(z ) = = ^f(*b). Is easy to see that ^#(z ) 
= Ui(^o). Since gf (z ) = = §(z ) and 5 (z ) - &n, §§ (*b) = 621 = 0, 6 12 
§§(zo) = 612 = 0, we have from Remark 2: 

9 2 ^ f [H/(£o)|bn6| 1 ] [1801/(^0)1611^] -^/(zojj&n&fi = 
dz 2 ^ oJ g 6 (^o) g 6 M g 6 M 

9 2 ^ , _ [6a|/(0 O )|&n& 2 2 ] [18a|/(^o)|6ii6 2 2 ] _ -12g|/(z )|6ii6 2 2 _ 

^ 2 ^ oj g 6 M g 6 M g 6 M 

d 2 if. [-18a|/(«b)|6i2&2i] , Qa\f(z )\b 12 b 21 3a\f(z )\bub 22 



• ^0) + - ' " 

-611622 > 0. 



g 5 (2 ) g 5 Oo) g 5 Oo) 

3«|/(^ )| , 



5 5 (^o) 

Let S := 2f=§(z ) be. From (8), we have that the real Hessian of K in (zq, yo) is 



Hess K(z ,y ) = 

This show that (z ,y ) is a non-degenerated critical point of Morse index 0, which 
is a local minima. ■ 

Example 3. Consider the hyperelliptic Riemann surface C of genus g = 2 defined 
by the equation y 2 = z 6 — 1. Let it : C — > P 1 be the double cover ramified 
at Weierstrass points of C and consider the automorphism ip : C — > C , ip(z, y) = 
((z, y), where ( = e^r . We are going to see that the curvature function K : C —* K 
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of the Theta metric is a Morse function. To show this we we need a straightforward 
computation of partial derivates for K. 

Note that the points {qi = (0,i),q2 = (0,—i)} = n~ 1 (0)( the points lying over 
G P 1 ) are fixed points of ip, so from lemma 1.1 they are critical points of K. From 
lemma 1.1 the automorphism / : C — > C, f(z,y) = (1, -p-) leaves invariant K and 
from example two of section one K descends to P 1 and K(z) — K(-). So we have 
also that the two points lying over oo e P 1 arc critical points of K. From lemma 2.1 
and lemma 2.2 we have that z = is a local minima of K of Morse index zero, this 
implies that oo e P 1 is a local minima of Morse index zero. Using the double cover 
7r, we obtain four minimal points on C of Morse index zero. From Remark 2, 612 = 
= &21, so from equation (9), K{z) = —a ^ ~^ 2 — . Since K(z) = K(-), a 



f>i 2 (M 2 + 



\b 2 o 



P2". 



simple computation shows that ^ = 1. We obtain that a = = hihi = ^22 ; 

that is, K{z) — —t ■ J^^p , where r = §5^. Consider the function K 2 . Since 
d(K 2 ) = 2K ■ dK, except at the Weierstrass points, the differentials dK 2 and dK 
have the same critical points. In polar coordinates z — re 10 , r > 0, e (0, 2w) we 
have that if 2 (z) = r 2 = K 2 {r, 6) = r 2 r "~g^y )+1 ■ With respect to 

r and consider the partial derivates: 



1 dK 2 (r, 6) _ 12r n - I2r 5 cos(60) 12r(r 12 - 2r 6 cos(66) + 1) 

T 2 " ^ ~ (r 2 + l) 6 (r 2 + l) 7 

1 dK 2 {r,6) _ 12r 6 sin{69) 

72 ^ - (r 2 + l) 6 

All critical points of dK 2 are the point 0, the roots of z 6 — 1 = and the points 
(1,0k) where k = (2fc + 1),r , fc = 0, 1, . . . , 5. The points (1, k ) corresponds to the 
complex number (3k = ( k (3i, where £ = , /3i = e^, fc = 0, 1, . . . , 5. The points 
/3fc are the roots of z 6 + 1 = 0. A straightforward computation gives 



1 dK 2 _ (\z 2 \ + l) 6 6z 5 (z6 _ 1) _ 12z(|z| 2 + l) 5 (z 6 - l)(z 6 - 1) 

T 2 dz ~ (|z 2 | + l) 12 

1_ 2 K 2 _ 30z 4 (j6^T) UA\z 2 \z 4 (z^T) 168z 2 |z 6 - 1| 2 
r 2 ' 9 2 z 2 ~ (|z| 2 + l) 6 (M 2 + l) 7 + (\z\ 2 + l) 8 

1_ d 2 if 2 

1_ 5 2 ^ 2 _ 36|z| 10 72(z 6 - z 6 ) - 12|z 6 - 1| 2 - 144z 6 (I^T) 168|z| 2 |z 6 - 1| 2 
t 2 ' dzdz ~ (\z\ 2 + l) e+ (M 2 + l) 7 + (M 2 + i) 8 
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Since ft = -1 then ft = =± + ft = \ + i& and ft +~f3\ = 0. This implies 
that 

d 2 K 2 _ 84Q3f + g) + 84^ _ 84^ 36 
5z 2 UlJ 2 6 2 6 ' 5z9z lPlj 2 6 ' 

Let (Mo,fo) = (Re /3i,Im be. From (8) we have in real coordinates that 

d 2 K 2 , 36 + 42(/3' + /3 1 2 ) a 2 ^ 2 , 36 - 42(/?'+/3 2 ) 5 2 if 2 . , 42^3 
-^-(«o,«o) = 2^ ' dV^ '^ = 3 ' d^ {Uo > Vo) = IS"' 

Note that ft = I, ft - = i\/3, so 

N r 2 / 78 42V3 
Hess X u ,«o) = 7T? r- 

25 y 42V3 -6 

This implies that /3\ is a saddle point of Morse index +1. Note that (p((3j,y) = 
((3j + \,y). So each point (3j has Morse index +1. The roots of z 6 + 1 = are not 
ramification points of the double cover tt : C — > P 1 , then we have that the 12 points 
tt~ 1 ({z 6 + 1 = 0}) are saddle points K of Morse index +1. Thus for the curvature 
function K : C — > K, we have Jo = 4 critical points of Morse index zero, I\ = 12 
critical points of Morse index +1 and I2 = 6 critical points of Morse index +2. The 
Euler characteristic is X(C) = 2 — 2g = —2 = Iq — Ii + 1^. This implies that K is 
a Morse function on CM 
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